(@)

(b)

Quadratics (1)

(a) State the relation between a,b and ¢ such that the equation ax? + bx+ ¢ =0 (a # 0) has equal roots.

(b) Ifthe equation a®x? + 3abx +ac+2b? =0 (a# 0) has equal roots,
show that the roots for the equation ac(x + 1)2 = b?x (a,b,c # 0) are equal.

The condition for the equation ax? + bx + ¢ = 0 has equal roots is A= b? —4ac =0

If the equation a?x? + 3abx + 2b? = 0 has equal roots,
A= (3ab)? — 4a%(ac + 2b%) =0 (a# 0)
=~ b? = 4ac

Method 1
For the equation  ac(x+ 1)? =b’x & ac(x* +2x+1) —b%x=0

& acx? 4+ (2ac—b?H)x+ac=0
Since A= (2ac —b?)? — 4(ac)(ac) = b* —4acb? = b?(b? —4ac) =0
Therefore ac(x + 1)2 = b?x has equal roots.

Method 2
Since a,b,c # 0

ac(x+1)?=b?x & ac(x+1)2=4acx © (x+1)=4xe x*+2x+1=4x= x—-1)*=0
~ x=1 (equal roots)

X2 4+x+1
x+1

If x isreal, show that the expression y = does not have a value between —3 and 1 .

_ X%4x+1

— @ yx+D=x"+x+1 ox*+{1-yx+1-y)=0
Since x is real, A=1-y)2—4(1-y)=0
y2+2y—32>0
G-DF+3)=0
y—1<0 y—1>0
{y+330 or {y+320
cy<-3ory=>1

Let the equations x?+ax+b=0 and x?+cx+d =0 (b # d) have one non-zero common root.
Form an equation with the other roots of these equations.

Let o bethe non-zero common root. Then by Vieta Theorem the other roots are g and g .
Also a?+ax+b=0 and o®+ca+d=0 and their difference is
(@a=—ca+(b—-d) =0 giving a= g (check that a # c)

Thus, the other roots are bla—c) and M.

ba=o) d@a-c) _ (b+d)(a—c)
d-b d-b ~ d-b
b(a-c) _ d(a—c) _ bd(a—c)
d-b d-b ~ (d-b)?
2 (b+d)(a—c)
b X1 (d-b)?

Sum of roots =

Product of roots =

bd(a—c) -0

Therefore the required equation is X



If a,band c are real numbers, show that the roots of the equation (a —
2a

b+c-—or =

If one of the roots is twice the other, show that 3 -

For the equation (a—b—c)x? +ax+b+c=0
A=a’—-4(a->b
=[la-2(b+c)]*=0

Hence, the roots of the equation (a —

If one of the roots is twice the other, let
a

o, 200 be the roots.

By Vieta Theorem, o+ 20 = — b - (D
(0)(2a) = — ...(2)
- _ ;
From (1), o= TPRCYYS) ( )
2 b+c
From (2), 2a o .. (4)
a 2 b+c
Gl @), 2 {_ 3[a—(b+c)]} ~ a—(b+c)
L — b +
Sfa—bra] P T

2a%2 =9a(b +c) — 9(b + ¢)?

9(b+c)?—9a(b+c)+2a%2=0

[3(b +c)—a][3(b+c)—2a]=0
2a

b+c——or 5

If a; and B; are the roots of the equation x?+ 2ax+b% =0 and

x% 4+ 2cx+ d? = 0 , show that :
(@ If o+a,=B;+B; ,then a?+d?=>b%+c?,
(b) If o0, + BBy =0 ,then b?d? = a?d? + b?c2.

(a) By Vieta Theorem, o4 +; =-2a, o4, =Db and
Since g + oy = Bl + BZ
o — By = —(az — B2)

(g = B1)? = (az — B2)?

a2 —2a; By +By° = ap? — 205 By + B2
(g + B1)?— 40y By = (az + B2)* — 4, B,
(—=2a)? — 4 b? = (—2c)? — 4d?

a’+d% =b% +c?

b—c)x?+ax+b+c=0 isreal.

b—c)x?+ax+b+c=0 isreal.

—ob+c)=a%?—4[a—(b+c)](b+c)=2a?—4a(b+c)+4(b+c)?

o, and B, are the roots of the equation

(08} + Bz == _ZC, (XzBZ == dZ

(b) a2d?+ b2c? = (B’ <a232)+(a131>( ‘WZ)

2 2 2 2
_ 42 ai B1+B1 (0(2[32) + (alﬁl) az 42 ay B2+B2

4

1
= 2(4 a1, B1By + 1By p? + oy By Bp” + 0Bz ar? + iz By Br?)

= i[‘} a0 B1B2 + (a0 + B1B2)ay By + (oo + BiB2)azBq] =

= a0, 1Bz = (ay 1) (azBz) = b*d?

i[4 o0z BBz + (0)ay Bz + (0)azB4]



If the equation ax? + bx+c =0 (a # 0) has real roots, show that the equation
(@a+c—b)x?—-2(a—c)x+(@+c+b)=0
has also real roots.

Show thatif o and [ are the roots for the first equation, then the product of roots of the second equation is
(1-01-p)
1+a0)1+p)

The equation ax? +bx+ c=0 (a # 0) has real roots if and only if b? —ac >0
For the equation (a+c—b)x?—2(a—c)x+(a+c+b)=0,
A=[-2(@-0c)]?—4(@+c—Db)(a+c+b)

=4(@—c)? —4[(a+c)?>—b?]

=4[(a—c)? - (a+c)?] + 4b?

= 4(—4ac) + 4b?

= 4(b?—4ac) >0
Therefore the second equation has real roots.

For the first equation, by Vieta Theorem, a+ = —2 , af = 5

The product of roots of the second equation is

atctb | 1442 1iaB-(atB) _ (1-)(1-P)
atc-b 1452 T 1taBt(atp)  (1+a)(1+PB)

If a,f areroots of the equation x> + px+q=0 and a,pB; areroots of the equation x? + p;x +q; = 0.
Express  (a—ay)(a—p1) + (B —a)(B—Py1) intermsof p,q,p; and q;.

By Vieta Theorem, a+ pB=-p ,aBf=q
o+ B =-p1, ;P =0q
(a—ap)(a=B)+ B —a)P—B1)
=a? +p% —alay+ B) —Bloy+ ) +20 By
= (a+ B)*—2aB—(a+ B)(ay + By) +2 04 By
=(=p)* = 29— (-p)(-p) +2q,
=p’—pp;1—2q+2q,

Show that the expression -———— is positive and find its greatest value.
2X%+3x+3

6x%+9x+4
2X2+3x+3

. 5 6X%+9x+4
Sketch the functions of 2x? + 3x + 3, , X oxt
2x%2+3x+3" 2x2+3x+3

Hence find the smallest values of

together on the same graph.

2X2+3X+3=2[X2+§X+§] =2[x2+2(%)x+(%)2—(%)2+§]=2[(X+§)2—i+§]

=2[(x+%)2+5 >0

5 : i
Therefore ———— is positive.
2x°+3x+3
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: 2 M 3\2 | 15| _ 15] _ 15
Min{2x +3x+3}—M1n{2[(x+Z) +E}_2[O+E]_

w |

5
~ Max {27} =
2x°+3x+3

w5 o

6x2+9x+4 _ 3(2x?+3x+3)-5

5
= =3 —
2x2+3x+3 2x2+3x+3 2%2+3%+3
. (6X2+9x+4 8 1
Mln{zi} =3-2=1
2x“+3x+3 3 3
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